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1. Introduction 

The following section is devoted to some generalities and definitions. We recall there 
why an invertible universal 7£-matrix cannot exist at roots of unity on the whole U q (sl(2)). 
Then we define some quotients Qa,b ofU q (sl(2)) on which this obstruction does not exist. 
In section 3, we prove that there exists algebra automorphisms of U q (sl{2)) that lead 
to isomorphisms between these quotients. We also prove that there exists a continuous 
group of Hopf-algebra automorphisms of the the the central Hopf-subalgebra (called Z ) of 
U q {sl{2)) that exchange the defining relation of these quotients. Then we investigate under 
which conditions these automorphisms can be extended to Hopf algebra isomorphisms of 
the whole quotients Qa,b- We find that this is possible only when q 4 = 1. In section 4, 
we explicitly give the isomorphisms that link the quotients in the case q A = 1, and deduce 
from this an expression for a universal 7£-matrix on any quotient. 

2. Generalities 

The quantum algebra U q (sl(2)) is defined by the generators /c, fc -1 , e, /, and the 
relations 

kk =k k = l, kekT 1 = <? 2 e, 

The coproduct, co-unit and antipode endow U q (sl(2)) with a Hopf algebra structure. 
The coproduct A is the morphism of algebras U q {sl{2)) — > U q (sl{2)) ®U q (sl{2)) defined 
by 

A(k) = k®k 

A(e) = e®l + fc®e (2.2) 

A(/)=/®A;- 1 + l®/, 
while the opposite coproduct A' is A' = PA, where P is the permutation map Px ®y = 

y ® x. 

The co-unit e is the morphism of algebras U q (sl(2)) — >C defined by 

e(k) = 1, e(e) = e(f) = (2.3) 
and the antipode S is the antimorphism of algebras U q (sl(2)) — > U q (sl(2)) given by 

S(k)=k~\ S(e) = -k- 1 e, S(f) = -fk. (2.4) 
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From now on, q will be a primitive m' root of unity (g 2 7^ 1), and m will be set to wl 
if wl is odd, or to m'/2 if ml is even. From the relations (|2.1|) we deduce that, besides the 
deformation C of the quadratic Casimir, the operators x = e m , y = / m and z ±:L = fc ±m 
belong to the centre Z of U q (sl(2)) These operators and C actually generate this 
centre; they altogether satisfy a polynomial relation of degree m in C, and 1 in x, y and 
z ±x 0. The (Hopf) algebra generated by x, y and z ±:L will be denoted by Z 0. 

Let us now recall why a universal 1Z- matrix cannot exist when q is a root of unity H . 
A universal "/^.-matrix is an invertible element TZ of U q (sl(2)) ®U q (sl{2)) such that 

KA{a) = A'(a)K Va G U q (sl(2)). (2.5) 

On the tensor product of two irreducible representations p\ and P2, one would have 

(pi ® Pa)W(pi ® p 2 )(A(a)) = ( Pl ® p 2 )(A / (a))(p 1 ® p 2 )(^) Va G U q (sl(2)), (2.6) 

with pi ® P2{7fy invertible. It follows from (|2.1| ) and ( |2.2|) that 

A(x) = x ®1 + z <g) x, A(y) = y<8) -z -1 + 1 ® y, 

(2-7) 

A'(x) = x ® z + 1 ® x, A'(y) = y <g> 1 + z ®y. 

Since x, y and z are central, they act by scalar on irreducible representations p±, p2, and 
hence so do A(x), A(y) and A(z) on p\ ® pi- Taking a = x (resp. a = y) in (|2.6|), and 
simplifying by p\ ® P2(Tty, we then get 

Pi(x) + p 1 (z)p 2 (x) = p 2 (x) + p 2 (z)p 1 (x) 

(2.8) 

Pi(y)P2(z x ) + P2(y) = p 2 (y)pi(z 1 ) + p 1 (y) 

But x, y and z can take arbitrary complex values on irreducible representations 0], which 
is in contradiction with ( |2.8|) . So there exist no universal 1Z- matrix on U q (sl(2)) when q is 
a root of unity. 

We can however define quotients of U q (sl{2)) on which this contradiction does not 
exist. 

The simplest is the so-called finite dimensional quotient defined by (x = 0, y = 0, 
z = ±1) 0. On this quotient, a universal 7£-matrix can be defined @, 0. 

The condition z = ±1 can be relaxed. We denote this new quotient by <2o,o- An 
almost universal 7?.-matrix can be defined on the quotient U q (sl(2)) / \x = y = 0) 0. The 
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irreducible representations of maximal dimension m of this quotient are parametrized by 
the value of z. 

More general quotients with no obstruction are given by 

Qa,b = U q (sl(2))/(x = A(z-l),y = B(l - (2.9) 

for complex values of A and B. On quotients of this family, the relations (|2.8| ) are satisfied. 
The previously considered quotient belongs to this family since it corresponds to A = B = 
0. It is not known whether a universal 7£-matrix can be defined on this type of quotient. 
But it is well-known that 7£-matrices exists for representations of these quotient: for each 
pair of irreducible representations p\ and p2, there exist Tl Pl , P2 such that 

K PuP2 {pi ® p 2 )(A(a)) = ( Pl ® p 2 )(A'(a))K Pl , P2 Va e U q {sl{2)). (2.10) 

The parameters of the representations, considered as representations of U q (sl(2)) indeed 
satisfy an algebraic equation (the equation of the spectral variety of the related physical 
model) corresponding to the existence of an intertwiner Q , [Q . This equation is equivalent 
to the relations defining the quotient. 

Finally we can consider the quotient U q (sl(2))/(z— 1). The structure of this quotient is 
different from the structure of the quotients ( |2.9| ). Irreducible representations of maximal 
dimension m of this quotient are parametrised by two continuous parameters (the values 
of x and y) instead of one. This is the largest quotient of U q (sl(2)) for which the fusion 
rules of irreducible representations are commutative. 

The ideals generated by the relations that define these quotients are also co-ideals, so 
that these quotients are all Hopf algebras. 



3. On automorphisms of U q (sl(2)) 

In this section, we look for Hopf algebra automorphisms of U q (sl(2)) that would send 
one of the quotients to another. Our motivation is the following: as we will see later, 
there exist Hopf algebra automorphisms of Z , the central Hopf-subalgebra of U q (sl(2)) 
generated by x, y and z ±x , that send the relations defining one quotient (|2.9|) to the 
relations defining another quotient, with different values of A and B. On the other hand, 
we can also find algebra automorphisms of U q (sl(2)) that send a quotient of type ( J2.9| ) to 
another quotient of the same type. 



3.1. Existence of automorphisms of U q (sl(2)) linking the different quotients 

Inspired by the derivations defined in 0, we construct the following derivation on 
U q (sl(2)) (in fact on the extension of U q {sl{2)) involving the rational functions in z): 

dk = —k(bx + ay) , 

de = a(q - q' 1 )' 2 f m ~ l \qk - q^k' 1 ) , (3.1) 
df = b(q - q- l )- 2 e m - 1 {q- l k - qk~ l ) , 

with 

a = D~ l z (a'(X(z + 1) + AB) - b'A 2 z) , 
b = D~ l i-a'B 2 + b'(X(z + 1) + ABz)) , 

(3.2) 

X = q m {q-q- l )- 2m , 

D = X(l + z) 2 (X + AB) . 
On the centre of U q (sl(2)), the action of this derivation is given by 

dC = 0, 

dz = —mz(bx + ay) , 

(3.3) 

dx — mXa(z — z ) , 
dy = mXb(z — z~ x ) . 

Following the flows given by these derivations, we get automorphisms of U q (sl{2)). 

On the family of quotients Qa,b, these derivations provide a parallel transport of 
the algebra structure, the action on the parameters A, B being dA = ma' , dB = mb'. 
Following the flow given by d, we then get isomorphisms between the quotients Qa,b (as 
algebras) . 

3.2. Automorphisms of Zq (as Hopf algebra) 

As explained before as a motivation, it is easy to find automorphisms of the central 
part Z of U q (sl(2)), whose action is to send the defining relation of a quotient ( |2~£| ) 
to another. These automorphisms are moreover Hopf algebra automorphisms. Such an 
automorphism </> is given by 

(p(z) = z , 

4>(x) = aix + a<2,yz + a(z — 1) , (3-4) 
4>{y) = a 3 xz _1 + a 4 y + b(l - z -1 ) , 

with aj, a and b in C. 



3.3. Existence of ( H op f algebra) automorphisms ofU q (sl(2)) 

The existence of automorphisms of U q (sl(2)) linking the different quotients ( |2.9| ), on 
one hand, and, on the other hand, the existence of Hopf algebra automorphisms of Zq 
sending the relations defining these quotients one to another raise the question of the 
existence of Hopf algebra automorphisms of the whole U q (sl(2)), that would relate the 
different quotients. Or do isomorphisms of Hopf algebra link the different quotients? We 
will prove here that such Hopf algebra isomorphisms exist only when q 4 = 1. 

Since the family of quotients ( |2.9|) is parametrized by two continuous parameters, it is 
natural to look for a Lie group of automorphisms of U q (sl(2)). If such a group of automor- 
phisms exists, its Lie algebra provides derivations on U q (sl(2)). If these automorphisms 
respect the Hopf algebra structure, then so do the derivations. 

Let us look for a derivation d of U q {sl{2)) such that 

A(dk) = dk®k + k®dk , 

A(de) = de®l + dk®e + k®de, (3.5) 
A(df) = df®k~ 1 + f® dik' 1 ) + 1 ® df , 

Since automorphisms preserve the centre, we first look for derivations that preserve 
the centre . We write the most general 

m — 1 

dz = E E E a Pl , P2 , P3 , P *x Pl y P2 z P3 C p * , (3.6) 

Pl,P2>0 P3 P4=0 

and demand 

A(dz) = dz <g> z + z <g> dz . (3.7) 

(In ( |3.6j ), the degree of the quadratic Casimir C is limited by the polynomial relation it 
satisfies with x, y and z. ) 

Proposition: If d is a derivation of Hopf algebra, then dz = 0. 

Proof: The presence of powers of C in ( |3.6| ) would lead to terms in e and / in both sides 
of the tensor products in A(dz). By recursion in decreasing we then get that the 
coefficient is unless p4 = 0. A similar argument leads to pi + p2 < 1. We finally get 
dz = by inspection. 

5 



For dx and dy, we write a formula similar to (|3.6| ). We impose 
A(dx) = dx®l + dz®x + z®dx, 

(3.8) 

A(dy)=dy®z 1 + y ® d(z 1 ) + 1 <g> dy . 



Proposition: If d is a derivation of Hopf algebra, then its action on x and y is 

dx = a\x + ci2yz + a(z — 1) , 

(3-9) 

dy = a^xz + a^y + b(l — z ) . 

Proof: By the same kind of arguments as before. 

Thus, derivations of the Hopf algebra lA q (sl{2)), if they exist, leave Zq invariant. They 
lead to the automorphisms ( |3.4| ) of the Hopf algebra Zq . We now need to extend the action 
of these derivations to U q (sl(2)). Since dz = 0. and hence dk = 0. we already know that 
we are not going to obtain the derivations ( p.l| ) as derivations of Hopf algebra. 

We now consider 

de = E }Z a ^Pse Pl f P2 k P3 (3.10) 

Pl,P2>0 P3 

and a similar formula for df, and we impose ( |3.5|) . 
Proposition: 

a. If m 2, the only derivations of Hopf algebra are the trivial derivations de = ae, 
df = —af and dk = 0. They lead to automorphisms that are just rescalings of e 
and f leaving the product ef invariant. These automorphisms of U q (sl(2)) provide 
isomorphisms between all the quotients Qa,b that have the same value for the product 
AB. 

b. In the case m = 2, there exists a group of Hopf algebra isomorphisms linking the 
different quotients. Explicit expressions are given in the following section. 

Proof: Reasoning as for dx and dy, we get formulas similar to (|3.9|) for de and df, replacing 
x, y and z by e, / and k respectively. But these elements are now non central and the 
derivation has to be compatible with the relations ( |2.1| ). In particular, 

k de k' 1 = q 2 de, k df k' 1 = q~ 2 df , (3.11) 
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so that the terms in 1 and k are eliminated, whereas the term in / in de (resp. the 
term in e in df) can be kept only if q 2 = q~ 2 . In this case, there is still no non trivial 
derivation of the whole Hopf algebra U q (sl(2)) (i.e. with respect to both ( |2.1| ) and ( |3.5| )). 
The problem arises with d([e, /]) which involves e 2 and f 2 . Nevertheless, if we use the 
relations e 2 = A(z — 1) and f 2 = B(l — z _1 ), we get d([e, /]) = 0, compatible with dk = 0. 
We then have dA ^ and dB ^ 0. So d can be seen as a connection lifting dA and dB (the 
basis being the space of parameters A, B) to the bundle defined by the family of quotients 
Qa,b- Using d, or by direct calculation, we get isomorphims of Hopf algebras between the 
quotients. 

Remark: As suggested by M. Bauer, there exist derivations of U q (sl(2)) that do not 
respect the grading ( |3.11|) . These derivation are of course such that dk ^ 0. Hence they 
do not satisfy (|3.5|). 

4. Isomorphisms and universal 72,-matrices of quotients of U q (sl(2)) at q 4 = 1 

The following cf> defines Hopf algebra isomorphisms from the quotient Qa,b oiU q (sl(2)) 
with = 1 to the quotient Qa',b' 

kA>,B> = 4>(kA,B) = kA,B , 

e A',B' = (p{eA,B) = N~ x (e AB + OLj AiB k A ,B) , 

(4.1) 

fA',B> = <KfA,u) = N-\f A , B + (3e A , B k- A l B ) , 
N =(l + a[3 + 4q(pA - aB)) 1/2 

with 

A' = N~ 2 (A - -aq - a 2 B) , 

2 (4.2) 
B' = N- 2 (B + -(3q- (3 2 A) . 

For clarity, we put indices indicating which quotient the operators belong to. 
We will use these isomorphims to define an 7£-matrix on the quotients Qa,b- The 
7?.-matrix on the quotient Qo,o is 

ft , = (1 ® 1 - 2q e , ® fo,o) , (4.3) 

where we have introduced the new generator h in <2o,o ? such that fco.o = [h, eo,o] = 2eo,o 
and [h, /o,o] = — 2/o,o- Note that this is consistent with the fact that xq,q and yo,o remain 
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central, although [h, #o,o] = 4xo,o and [h, yo,o] = — 4y ,0: simply because xo,o = 2/0,0 = on 
this quotient. 

Now the same 72.-matrix works on Qa,b = 0(Qo,o) ? since (j> is an isomorphism of Hopf 
algebra: 

K 0y0 (<P <f>)(A(a)) = ft o ,oA(0(a)) 

= A'(</>(a))ft ,o VaGW 9 ( S l(2)) (4.4) 

= (0<g)0)(A'(a))7e o ,o 
but it is not expressed in terms of the generators of Qa,b- So we write 



eo,o = (l + «/3) 1/2 (eA,B - af A ,BkA,B) 
/o, = (1 + a/3)- 1/2 (/A,s - Pe A , B k^ B ) 



(4.5) 



and hence the 7£-matrix of _g is 



7Z-A,B = (1 ® 1 - YT^p( 6A,B ~ a fA,BkA,B) ® {fA,B ~ ^A,B^b)) ' ( 4 - 6 ) 

with h such that 

4a 

e^.s] = ^a,b - j- — a p fA,BkA,B , (47) 

(these relations are compatible with the fact that e 2 A B and f\ B are central without van- 
ishing.) 

Remark 1: Note that the 1Z- matrix we get is not built, like 7£-matrices arising from 
quantum doubles, as a sum of tensor products with only e's on the left and /'s on the 
right. 

Remark 2: One might expect that the knowledge of isomorphisms of algebras only 
(not Hopf) between the quotients would be enough to carry the 7£-matrix from one to the 
other, just applying (j> ® (j) to both sides of fl2.5[ ). The problem is that the 7£-matrix we 
start from is not exactly a universal 1Z- matrix of Qo,o ; since it uses the operator h that 
does not really belong to Qo,o (or similar tricks that use explicitly the fact that the raising 
and lowering operators e and / are nilpotent on this quotient), h cannot be transformed 
by 4>. The h used in (fO|) and ( |4.7| ) is not transformed by </>. 



Let us finally give the universal 7£-matrix for the quotient of U q (sl(2)) by the relation 
z = 1, which is not isomorphic to the others: 

TZ Z=1 = l <g) l + l <g) k + k ® 1 - k ® k. (4.8) 

This 7£-matrix, which is nothing but the k part of the ^-matrices of []B| and |7] , is really a 
universal 7£-matrix. It endows this quotient with a quasi-triangular Hopf algebra structure. 
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